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1.

This examination contains 25 problems from the following six areas:
A.

MATH (At most 3 problems can be
answered from the Math area)

A1

A2

A3

B.

CIRCUITS & ELECTRONICS

B1

B2

B3

C.

SYSTEMS, SIGNAL AND IMAGE PROCESSING C1 C2

D.

PHYSICAL ELECTRONICS I

D1

D2

D3

E.

PHYSICAL ELECTRONICS II

E1

E2

E3

F.

COMPUTER SYSTEMS

F1

F2

F3

A4

C3

C4

C5

F4

F5

F6

C6

2.

You must answer eight problems, but no more than three from the MATH group.

3.

Answer in the blue books provided. Use a separate book for each problem. Put the title and problem
number on the front of each book (eg., MATH A-1)

4.

Return all the 25 problems.

5.

You will be graded on your answers to eight problems only.

6.

The examination is “closed-book;” only blue books, exam problems and a scientific calculator are
allowed. No formula sheet is allowed. Some problems include reference formulas. No material shall be
shared without prior permission of the proctor(s).

7.

You have four hours to complete this examination.

PROBLEM A1 – MATH
In a resonance circuit that has no damping, the current x, satisfies the following equation:
d2x/dt2 + k2x = 0
We know the initial conditions of x include the following:
x= 1 (A) at t=0
dx/dt=1 (A/s) at t=0
Solve the equation for x and treating k as a constant.

PROBLEM A2 – MATH
Vector Analysis
Consider an infinitely long, thin wire running along the x-axis in 3D space. If an electric current 𝐼𝐼 passes
through the wire, it induces a magnetic field B that is a function of space:

𝑩𝑩(𝒓𝒓) =
where 𝜇𝜇0

𝜇𝜇0 𝐼𝐼

2𝜋𝜋|𝑟𝑟|

𝒓𝒓� × 𝒆𝒆�𝒛𝒛 ,

= 4𝜋𝜋 ⋅ 10−7

𝑇𝑇⋅𝐴𝐴
𝑚𝑚

is the vacuum permeability and 𝒆𝒆�𝒛𝒛 is the unit vector in 𝑧𝑧-direction.

a) Sketch 𝑩𝑩(𝒓𝒓) in the 𝑥𝑥𝑥𝑥-plane.
b) Compute the contour integral of 𝑩𝑩 over the circle 𝑥𝑥 2 + 𝑦𝑦 2 =1 m2 in counter-clockwise direction.
c) Compute curl (B).

PROBLEM A3 – MATH
Linear Algebra
Consider the matrix

 2 −1 0 
A =  − 1 2 − 1


 0 − 1 2 
1. Compute its determinant and trace, and state the rank of A .
2. Write the eigenvalue/eigenvector equation and determine the eigenvalues and eigenvectors of A .
3. Define the Rayleigh quotient for matrix A and state what the minimum and maximum values of the
Rayleigh quotient are.
4. State the relationship between A and the function
2
2
2
f : ℜ3 → ℜ , f ( x1 , x2 , x3 ) = 2 x1 − 2 x1 x2 + 2 x2 − 2 x1 x 2 + 2 x3
and show that 1 ≤ f ( x1 , x2 , x3 ) ≤ 3 for all x1 , x2 , x3 such that x12 + x22 + x32 = 1 .

PROBLEM A4 – MATH
Probability
A coin of diameter d is tossed randomly on a grid consisting of squares with sides of
length l > d. As a result, the coin could lie entirely inside a single square or partially
cover two squares, three squares or four squares.
Determine the probability for each of these four events.

PROBLEM B1 – CIRCUITS AND ELECTRONICS
Sinusoidal Steady State Analysis
t0 +T

∫

A. Show that

t0

Vm2T
V cos (ωt + φ ) =
2
2
m

2

B. The frequency ( ω ) of the sinusoidal current source, ig , shown in the following circuit is adjusted
until , v0 is in phase with ig .
a. What is the value of ω in radians per second?
b. If ig = 2.5cos ωt mA , (where ω is the frequency found in part [a]), what is the steady state
expression for v0 ?

+
ig

v0
−

1.2 kΩ

50 nF

5 kΩ
0.2 H

PROBLEM B2 – CIRCUITS AND ELECTRONICS
Laplace Application to Circuit Analysis
A. Given that F ( s ) = L { f (t )} , show that
dF ( s )
= −L {t f (t )}
d (s)
B. The op-amp in the circuit shown is ideal.
a. Find the transfer function

Vo ( s )
.
Vg ( s )

b. Find the steady state expression for vo (t ) if vg (t ) = 200 2 cos (8000t ) mV .
250 µ F
250 kΩ

25 kΩ

vg

5V

5 nF

v

−

v

+

−
vo

+
−5 V

47 kΩ

PROBLEM B3 – CIRCUITS AND ELECTRONICS
For a NMOS transistor, find the labeled node voltages. The NMOS transistors have V t =1V and k n =2mA/V2.
(If you have two different values for voltage or current, you have to justify which one is right for this
circuit. Otherwise, you will not get full credit.)

10V

V1

V2

1kΩ
V3
4mA

PROBLEM C1 – SYSTEMS, SIGNALS AND IMAGE PROCESSING
𝟏𝟏
1. Given the 2-dimensional image f(x,y) = �
𝟑𝟑
(4pts)

𝟐𝟐
�, compute the DFT (Discrete Fourier Transform) F(u,v).
𝟏𝟏

𝟎𝟎 𝟏𝟏
�. Without zero padding, compute the inverse DFT of H(u,v)F(u,v), where F(u,v)
𝟏𝟏 𝟏𝟏
is given in part 1. (3pts)

2. Given H(u,v) = �

3. Is the answer from part 2 equivalent to linear 2-dimensional spatial-domain convolution of f(x,y) with
h(x,y) (the inverse DFT of H(u,v))? If not, specifically describe how linear spatial convolution can be
achieved for this example using frequency domain multiplication. Briefly explain. (2pts)
4. What general type of filter is H(u,v) (e.g., spatial lowpass, highpass, bandpass, bandreject)? Briefly
justify. (1pt)

PROBLEM C2 – SYSTEMS, SIGNALS AND IMAGE PROCESSING
(10 points in total, 2 points each)
Consider a causal LTI system described by the following difference equation:
y[n] - 5/6y[n-1]+1/6 y[n-1] = x[n]
(a). Determine the system function H[z] for the system.
(b). Find the impulse response h[n] for the system. Is the system stable?
(c). Determine the output y[n], using convolution, if x[n] = (1/4)nu[n].
(d). Repeat (c) using Z transform.
(e). Find the response of the system for the input

x(n) = 5 + 4 cos(πn +

π
) , for all n
3

PROBLEM C3 – SYSTEMS, SIGNALS AND IMAGE PROCESSING
a. (3 points) We are using N-point DFT to compute linear convolution for two sequences x[n] and
h[n], where the length of x[n] is 33 and the length of h[n] is 36. What is the minimum value for N
that can avoid time aliasing?
b. (7 points) Two finite length signals, x 1 [n] and x 2 [n] are given as:
x 1 [n] = u[n] – u[n-8]
x 2 [n] = u[n] – u[n-4]
Let y[n] be the 7-point circular convolution of x 1 [n] and x 2 [n], determine y[n].

PROBLEM C4 – SYSTEMS, SIGNALS AND IMAGE PROCESSING
Control Systems
Consider a unity feedback system with the following plant: G p ( s ) =

R(s)

+

+

Gc(s)

3

( s + 1)( s + 3)

.

Gp(s)

C(s)

-

Figure 1. Unity feedback system for Control Systems Problem.

a) (4 points) Determine the closed-loop transfer function and the characteristics of the unit step response
of the closed-loop system if G c (s)=0.25, that is, if a proportional controller with a gain of 0.25 is used.
The characteristics should include steady-state error, percent overshoot and an estimate of the settling
time. Include a sketch of a Bode or Nyquist plot to determine the gain and phase margins.
b) (6 points) Design a compensator so that the steady-state error to a unit step input is no more than 0.01
in magnitude or it is zero, and the percent overshoot is less than 10%. Your design should include the
final controller transfer function, G c (s), the resulting closed-loop transfer function, sketch of the
approximate root locus, characteristics of the unit step response of the closed-loop system, and the gain
and phase margins.

Continued on next page

REVIEW FOR CONTROL SYSTEMS PROBLEM
For a prototype second order open-loop transfer function G(s) = ωn 2/(s2 + 2ςωn s + ωn 2) the following unit step
response relations are useful:
•
•

percent overshoot = 100 exp(-ςπ / sqrt(1 - ς2) )
2% settling time ≈4 / (ςω n )
m

Suppose that the loop gain of the closed-loop system can be written as KG ( s ) with G ( s ) = K G

Π(s - z )
i =1
n

i

Π(s - p )
j 
=1

,

j

where K is the gain of the controller that needs to be determined, G(s) represents the loop gain when K=1, and
the loop gain has m zeros at z i and n poles at p j . The magnitude condition of root locus states that
n

Π|s-p |
j

K =

j=1

 m

K G  Π|s-zi | 
 i=1


,

whenever s a closed-loop pole .

PROBLEM C5 – SYSTEMS, SIGNALS AND IMAGE PROCESSING
Communications
Consider the message signal m(t ) = a cos(2πf m t ) , which modulates the sinusoidal carrier

c(t ) = Ac cos(2πf c t ) .
1. Explain how conventional amplitude modulation (AM) of the carrier c(t ) by the message signal
m(t ) is accomplished. Write the expression of the conventional AM signal, define the
modulation index, and state the condition required to avoid overmodulation.
2. Explain how phase modulation (PM) of the carrier c(t ) by the message signal m(t ) is
accomplished. Write the expression of the phase modulated signal and define the modulation
index for phase modulation.
3. Explain how frequency modulation (FM) of the carrier c(t ) by the message signal m(t ) is
accomplished. Write the expression of the phase modulated signal and define the modulation
index for frequency modulation.
4. Argue that PM and FM are equivalent modulation scheme by explaining how a frequency
modulated signal can be obtained using a phase modulator and vice versa, how a phase
modulated signal can be obtained by using a frequency modulator.

PROBLEM C6 – SYSTEMS, SIGNALS AND IMAGE PROCESSING
Communications Networks
1. (5 pts) A bit string 111111001111101 needs to be transmitted at the data link layer.
What is the bit string actually transmitted after bit stuffing?
2. (5 pts) The data link layer retransmits a frame if it is not acknowledged by the receiver. If
the probability of a frame being damaged is p, and the probability of an ACK being damaged
is q, what is the mean number of transmissions required to send a frame?

PROBLEM D1 – PHYSICAL ELECTRONICS I
�⃗ = 𝐻𝐻0 𝑒𝑒𝑒𝑒𝑒𝑒(𝑗𝑗𝑗𝑗𝑗𝑗)𝑦𝑦� that satisfy the time-harmonic
Given electromagnetic fields 𝐸𝐸�⃗ = 𝐸𝐸0 𝑒𝑒𝑒𝑒𝑒𝑒(𝑗𝑗𝑗𝑗𝑗𝑗)𝑥𝑥� and 𝐻𝐻

Maxwell’s equations in free space.

1) Express H 0 and k in terms of E 0 , ε 0 , and μ 0 .
2) Do the fields represent a uniform plane wave?
3) In what direction does the wave travel?
4) Find its velocity and determine the time-average Poynting vector 〈𝑆𝑆⃗〉.
5) Compute the time-average power density assuming the electric field strength is 10 mV/cm.

PROBLEM D2 – PHYSICAL ELECTRONICS I

A thin spherical shell of radius r=a has a charge +Q evenly distributed over its surface. Find the electric field
both inside and outside the shell.

PROBLEM D3 – PHYSICAL ELECTRONICS I
Optical Fiber Communications:
Using the figure below find the material-dispersion-induced pulse spreading of a silica fiber (SiO 2 )
operating at 1550 nm emitted by an LED with a 75 nm spectral width.

Dmat (λ)

PROBLEM E1 - PHYSICAL ELECTRONICS II

The junction depth x j is the location where the diffused Boron concentration is equal to the pre-existing n-type
background doping C B .

Figure 4.8: Room temperature resistivity in n- and p-type silicon as function of impurity
Concentration. (Note: These curves are valid for either donor or acceptor impurities but not
for compensated material containing both types of impurities.)
Continued on next page

PROBLEM E2 – PHYSICAL ELECTRONICS II
Physical Electronics
1. Using an energy-momentum diagram, explain the difference between a direct band gap semiconductor
and indirect band gap semiconductor
2.

A Silicon sample at 300K contains an acceptor impurity concentration of N A = 1015 cm-3. Determine
the concentration of donor impurity atoms that must be added so that the silicon is n-type and the Fermi
energy is 0.20 eV below the conduction band edge.

3. Find the electron and hole concentration, mobilities and resistivities of Silicon samples at 300K, for each
of the following impurity concentrations.
a) 1.5 × 1015 Boron atoms/cm3
b) 5 × 1017 Boron atoms/cm3 and 2 × 1017 Arsenic atoms/cm3
Equations and data

Silicon (300 K): N C = 2.86 1019 cm-3 ; N V = 2.66 1019 cm-3 ; n i = 9.65 109 cm-3
m p =1 m0 ; m n = 0.19 m0 ; m 0 = 0.91 10-30 kg; k = 1.38 10-23 J/K ; q = 1.6 10-19 C

PROBLEM E3 – PHYSICAL ELECTRONICS II
Plasma Science and Discharges
a) Using the homogeneous model of the capacitive discharge and the plasma admittance model,
show that the conduction current (flowing through the resistive branch) is much greater than the
displacement current (flowing through the capacitive branch).
Hint: Use the assumption of the homogeneous model that says that the electrons respond to
instantaneous potentials and carry the discharge rf current. For this approximation we have:

ω

2
pe

 ν m2
>> ω 1 + 2
 ω
2





1/ 2

where ωpe is the electron plasma frequency, and ν m is the electron-neutral collision frequency for
momentum transfer.

b) Assuming the following values: n e = 1016 m-3, A = 25 cm2, d = 5 cm, ω = 2Π x 13.56x106 Hz,
and ν m = 20 MHz, calculate the ratio of the conduction current to the displacement current.

PROBLEM F1 – COMPUTER SYSTEMS
Microprocessors
1. (3 points)
Define interrupt driven I/O and polled I/O.
Give one advantage and one disadvantage for each approach.

2. (7 points)
Give a flowchart for an algorithm to compute the least common multiple of two numbers.
For your flowchart, write an assembly language program to implement the algorithm. You can
assume the input values are on the top of the stack. Recall the Nios2 stack pointer is in
register 27. Finally, store the result in location 0x12345678.

PROBLEM F2 – COMPUTER SYSTEMS
Digital Systems
Problem Description:
You are designing a digital system defined as follows:
Input:

N, a 6-bit 2’s complement integer
Start, start signal. When ’1’ begin generating sequence

Output:

Done signal that is ’1’ when on the last bit of the output sequence
C a sequence having the following pattern:
C = 1(02N)1

for N > 0

C = 1(0−2N−1)1

for N < 0

where the notation (0j) means j consecutive 0’s.
Part 1 (5 points)
Using one or more state machine charts, outline the operation of the state machine that generates the above
sequence. State any assumptions that you need to make.
Part 2 (5 points)
Give the implementation of this state machine using a two-address microcoded controller. Please show all
details of the implementation.

PROBLEM F3 – COMPUTER SYSTEMS
Computer Architecture
This following figure shows a simplified version of forwarding path.

Presumably, we only implement the following approach for “Forwarding Unit” shown in above figure.
 EX hazard
 if (EX/MEM.RegWrite and (EX/MEM.RegisterRd ≠ 0)
and (EX/MEM.RegisterRd = ID/EX.RegisterRs))
ForwardA = 10
 if (EX/MEM.RegWrite and (EX/MEM.RegisterRd ≠ 0)
and (EX/MEM.RegisterRd = ID/EX.RegisterRt))
ForwardB = 10
 MEM hazard
 if (MEM/WB.RegWrite and (MEM/WB.RegisterRd ≠ 0)
and (MEM/WB.RegisterRd = ID/EX.RegisterRs))
ForwardA = 01
 if (MEM/WB.RegWrite and (MEM/WB.RegisterRd ≠ 0)
and (MEM/WB.RegisterRd = ID/EX.RegisterRt))
ForwardB = 01
Considering the following sequence, what is the problem with our above-mentioned approach implemented in
the Forwarding Unit? Why?
sub $1,$2,$3
add $1,$1,$3
sub $1,$1,$3

PROBLEM F4 – COMPUTER SYSTEMS
Computer Algorithms

Part 1 (3 points)
You have two algorithms that can be used to multiply polynomials.
Time complexity for Algorithm 1:
F(n) = 2n2

(1)

F(n) = 30nlog 2 n

(2)

Time complexity for Algorithm 2:

State the circumstances under which you would select one algorithm over the other. Please be sure
to clearly state any assumptions you make.

Part 2 (4 points)
You are given two unordered lists of numbers with lengths L 1 and L 2 , respectively. Devise an
algorithm that identifies numbers that are common to both lists.

Part 3 (3 points)
Provide a time and space complexity analysis for the algorithm provided in Part 2.
Full credit will be awarded to Parts 2&3 for solutions whose time complexity is better than
O(L 1 ×L 2 ).

PROBLEM F5 – COMPUTER SYSTEMS
Data Structure

(a)

(b)

PROBLEM F6 – COMPUTER SYSTEMS
Logic Design
1. Given the following truth table,
A

B

C

0
0
0
0
1
1
1
1

0
0
1
1
0
0
1
1

0
1
0
1
0
1
0
1

Y
(output)
1
1
0
0
0
0
1
1

(a) (3 pts) write the Boolean equation in sum-of-products form.
(b) (4 pts) Simplify the Boolean equation using Karnaugh map.
(c) (3 pts) Draw a logic diagram using ‘and’, ‘not’ and ‘or’ gates, to represent this function.

