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You must answer Eight problems, but no more than three from the MATH group.
Answer in the blue books provided. Use a separate book for each problem. Put the title and
problem number on the front of each book (eg., MATH A-1)
Return all the 26 problems.
You will be graded on your answers to Eight problems only.
The examination is “closed-book;” only blue books, exam problems and a scientific calculator are
allowed. No formula sheet is allowed. Some problems include reference formulas. No material shall
be shared without prior permission of the proctor(s).
You have four hours to complete this examination.

PROBLEM A1 – MATH
Complex Variables and Differential Equations

A first order nonhomogenous equation is shown:
𝑑𝑦
2𝑦
−
= (𝑥 + 1)5/2
𝑑𝑥 𝑥 + 1
Find the solution for y subject to y=0 at x=0

PROBLEM A2 – MATH
Vector Calculus

1. Let 𝑓(𝑥, 𝑦) be a scalar function.
a. How is the gradient of f , also called 𝑔𝑟𝑎𝑑(𝑓), defined?
b. What is the geometric meaning of 𝑔𝑟𝑎𝑑(𝑓)?
c. Choose an 𝑓and sketch it.
d. Show 𝑔𝑟𝑎𝑑(𝑓) in the sketch that you made in c).
2. For the vector field 𝑣(𝑥, 𝑦) = (−𝑦, 𝑥) = −𝑦𝐢 + x𝐣, compute the line integral of 𝑣 along
a circular arc from (1,0) to (0,1), i.e. one quarter of a unit circle counterclockwise.

PROBLEM A3 – MATH
Linear Algebra
Let A  [aij ]1i , jn be a square matrix of dimension n  n with real elements.
1. Write the equation that determines the eigenvalues and eigenvectors of matrix A and the
expression of the characteristic polynomial of matrix A .
2. Define the trace of matrix A and write the expression of the trace in terms of the matrix
eigenvalues.
3. Assuming that matrix A is invertible, show that A and A 1 have the same eigenvectors,
and that the eigenvalues of A 1 are equal to 1 / 1 ,,1 / n , where 1 ,, n are the
eigenvalues of matrix A .
4. Consider now matrix B  A  I , where I is the identity matrix of order n . Show that A
and B have the same eigenvectors, and that the eigenvalues of B are equal to
1  1,, n  1 .

PROBLEM A4 – MATH
Probability
A multiple choice exam consists of three problems. On each of the first two problems
the students are asked to select among four possible answers. Each of these two
problems is worth 3 points. On the last problem, which is worth 4 points, they are
six possible answers to choose from. For each problem, assume that exactly one
answer is correct. Clearly state any other assumptions you require.
Now suppose x is the score of a student who selects all their answers completely at
random.
a) Plot and numerically label the distribution function and density function of x, F(x) and
f(x), respectively.
b) What is the probability that this student will get a score of 5 or less?
c) Compute the expected value of x.
d) If this student gets the last problem correct, what is the probability that he/she will
get a perfect score of ten?

PROBLEM B1 – CIRCUITS AND ELECTRONICS
Circuits
Laplace Application to Circuit Analysis

The op amp in the circuit seen in the figure is ideal. There is no energy stored in
the capacitors at the time the circuit is energized. Find
a. Find Vo ( s) .
b. Find vo (t ) .
c. How long does it take to saturate the operational amplifier?

PROBLEM B2 – CIRCUITS AND ELECTRONICS
Sinusoidal Steady State Power
The variable resistor in the circuit shown in the figure is adjusted until the average power it
absorbs is maximum.
a) Find R.
b) Find the maximum average power delivered to R.
c) What percentage of the total power developed in the circuit is delivered to R?

PROBLEM B3 – CIRCUITS AND ELECTRONICS
Electronics
The NMOS and PMOS transistors in the below circuit are matched with
kn’(Wn/Ln)=kp’(Wp/Lp)=1 mA/V2 and Vtn=-Vtp=1V. Assume =0 for both devices.
a) Which MOSFET is cut-off, NMOS (QN) or PMOS (QP) for vI=2.5V? Why
b) Find the drain current iDN and iDP and the voltage vO for vI=2.5V

PROBLEM C1 – SYSTEMS, SIGNALS AND IMAGE
PROCESSING
Image Processing
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I(x,y)
Given the 5 x 5 digital image I(x,y) shown above, answer the following questions.
1. The 5 x 5 digital image F(x,y) given below is the result of applying the 3 x 3 filter h(x,y) given
below to I(x,y). Determine the empty values of h(x,y) and F(x,y). State any assumptions.
(4 points)
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2. Determine H(0,0) of h(x,y) from part 1, where H(u,v) represents the 2-dimensional Discrete
Fourier Transform (DFT) of h(x,y). (3 points)
3. Compute the empty pixel values that result below if I(x,y) is filtered with a 3 x 3 median filter.
State any assumptions. (3 points)
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PROBLEM C2 – SYSTEMS, SIGNALS AND IMAGE
PROCESSING
Two finite length signals, x1[n] and x2[n] are given as:
x1[n] = u[n] – u[n-6]
x2[n] = u[n] – u[n-4]
Let x3[n] be the 6-point circular convolution of x1[n] and x2[n], and y[n] be the linear
convolution of x1[n] and x2[n].
a). (5 points) Compute y[n]
b). (5 points) Compute x3[n]

PROBLEM C3 – SYSTEMS, SIGNALS AND IMAGE
PROCESSING
Digital Signal Processing
(10 points) We have a discrete-time signal with a sampling frequency of 3k Hz. Design a
discrete-time system to change the sampling frequency to 4k Hz. Note that you cannot convert
the discrete-time back to analog signal and then re-do sampling. Please draw the system diagram.

PROBLEM C4 – SYSTEMS, SIGNALS AND IMAGE
PROCESSING
Control Systems
Consider the unity feedback system in Figure 1, representing a simplified block diagram of a
self-guiding vehicle’s bearing angle control.

Figure 1. Block diagram of a closed-loop system.

a) (2 points) Find the range of values of the proportional controller that results in a stable
closed-loop system.
b) (2 points) Design the proportional controller to yield a closed-loop system with no
overshoot and rise time as small as possible.
c) (3 points) Determine the Gain and Phase Margins for the closed-loop system designed in
(b). Explain the significance of these margins for this closed-loop system.
d) (3 points) Replace the proportional controller with one that will stabilize the closed-loop
system and such that the settling time is less than 0.5s.
Review: The settling time of the step response of a standard second order transfer function is
approximately
4
Ts 
.
n

PROBLEM C5 – SYSTEMS, SIGNALS AND IMAGE
PROCESSING
Communication systems
1. Consider the bandlimited signal m(t ) with Fourier transform M ( f ) having the amplitude
spectrum shown in the following figure.

2. Using the sinusoidal carrier signal c(t )  Ac cos(2f c t ) the following modulated signal is

ˆ (t ) sin(2f c t ) , where mˆ (t ) denotes the Hilbert
generated: s(t )  Ac m(t ) cos(2f c t )  Ac m
transform of m(t ) .

3. Write the expression of the Fourier transform S ( f ) of the modulated signal s(t ) as a
function of M ( f ) , the amplitude spectrum of m(t ) , sketch the amplitude spectrum of
S ( f ) , and state to what type of modulation it corresponds.
4. Determine the expressions of the pre-envelope signal s  (t ) and of the complex low-pass
s (t ) corresponding to the modulated signal s(t ) .
equivalent signal ~

USEFUL MATHEMATICAL FORMULAS
Euler’s formula: e jx  cos( x)  j sin( x)
Impulse response of Hilbert transformer: h(t )  1 /(t )
Transfer function of Hilbert transformer: H ( f )   j sgn( f ) ; sgn(.) denotes the sign function.





Fourier transform pair: F e j 2f 0t   ( f  f 0 )

PROBLEM C6 – SYSTEMS, SIGNALS AND IMAGE
PROCESSING
Communication Networks

1. (5 pts) Consider a QPSK signal transmitted over a 40KHz channel.
(a) If the channel is noiseless, what is the maximum achievable rate?
(b) If the channel has noise and the SNR is 20 dB, what is the maximum achievable rate
now?
2. (5 pts) The data link layer retransmits a frame if it is not acknowledged by the receiver. If
the probability of a frame being damaged is p, and the probability of an ACK being damaged
is q, what is the mean number of transmissions required to send a frame?

PROBLEM D1 – PHYSICAL ELECTRONICS I
Electromagnetics
̂ satisfy the
Given that electromagnetic fields ⃗⃗𝐸 = 𝐸0 exp(−𝑗𝑘𝑦) 𝑧̂ and ⃗⃗⃗𝐻 = 𝐻0 exp(−𝑗𝑘𝑦) 𝑥
time-harmonic Maxwell’s equations in free space. Assume that E0, ε0, and μ0 are known. (1)
Express H0 and k in terms of E0, ε0, and μ0. (2) In what direction does the wave travel? (3) Note
the electric and magnetics fields were given in their complex forms. Express the electric field in
its real form, and calculate the electric energy UE (in terms of E0, ε0, μ0, ω and k); (4) Express the
magnetic field in its real form, and calculate the magnetic energy UH (in terms of E0, ε0, μ0, ω
and k); (5) Determine the Poynting vector, ⃗𝑆, and the time-average Poynting vector < 𝑆 >.

PROBLEM D2 – PHYSICAL ELECTRONICS I
Electromagnetics
Let’s us consider current I A flowing from a point charge Q(t) at the origin to infinity along a
semi-infinitely long, straight wire occupying the positive z-axis.
Calculate ∮𝐶 𝐻 ∙ 𝑑𝑙 where C is a circular path of radius of a lying in the xy-plane and centered at
the point charge, as shown in below figure.

PROBLEM D3 – PHYSICAL ELECTRONICS I
Lasers

(5 points each)
A) Calculate the longitudinal mode spacing for He-Ne laser operating at 632.8 nm with cavity
mirrors separated by 35 cm. Assume index of refraction n = 1 for the He-Ne gas.
B) If the laser is operating in a single longitudinal mode with a bandwidth of 25 MHz. What is
the corresponding linewidth in nm?
C) For the 4-level laser shown below. If N1, N2, N3, and N4 represent the number densities of
atoms in levels 1, 2, 3, and 4, respectively, state the condition for population inversion on the
laser transition.
D) Write a differential equation for the population in level 3 that describes spontaneous emission
from level 4 to level 3, and spontaneous and stimulated emission from level 3 to level 2.
4
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PROBLEM D4 – PHYSICAL ELECTRONICS I
Optical Fiber Communications
A 45o- 45o- 90o prism is immersed in alcohol (refractive index n = 1.45). What is the minimum
refractive index the prism must have if a ray of light incident normally (at 90 o) on one of the
short faces is to be totally reflected at the long face of the prism?
45o

PROBLEM E1 - PHYSICAL ELECTRONICS II
Solid State Electronics

Figure 4.8: Room temperature resistivity in n- and p-type Silicon as a function of impurity
concentration.

Fig. 4.4: Graphical comparison of Gaussian and complementary error function(erfc) profiles.

PROBLEM E2 – PHYSICAL ELECTRONICS II
Physical Electronics
An ideal silicon has NA= 8  1019 cm-3 and ND= 2  1015 cm-3, calculate the depletion
layer width, the maximum field and the junction capacitance at zero bias and reverse
bias of 5V (T = 300K).

Silicon (300 K): NC= 2.86 1019 cm-3 ; NV = 2.66 1019 cm-3 ; ni = 9.65 109 cm-3
mp =1 m0; mn = 0.19 m0; m0 = 0.91 10-30 kg; k = 1.38 10-23 J/K ; q = 1.6 10-19 C
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PROBLEM E3 – PHYSICAL ELECTRONICS II
Plasma Science and Discharges
In an afterglow (discharge turned off with no further ionization), the decay of an atmospheric
pressure plasma is controlled mainly by recombination.
Let us define [n+]≡ density of positive ions (cm-3)
[n-]≡ density of negative ions (cm-3)
Therefore, rate of recombination =

d [ n] d [ n  ] d [ n  ]


dt
dt
dt

(a) Write the rate of ion-ion recombination assuming charge neutrality. (3 points)
(b) Solve for [n] as a function of time. (7 points)

PROBLEM F1 - Computer Systems
Microprocessors
An ODU PhD student designed an 8-bit processor with the following instruction set:
Instruction

Operands

Description

MOV
MOVI
MOVM
MOVX
ADD
SUB
AND
OR
NOT
EOR
LSL
LSR
CMP
CMPI
BEQ
BNE
BLT
BGT
JMP
CALL
RTE

regD, immediate( regS )
regD, #immediate
$address, regS
Immediate(regD), regS
regD, regS
regD, regS
regD, regS
regD, regS
regD
regD, regS
regD, regS
regD, regS
regD, regs
regD, #immediate
$address
$address
$address
$address
$address
$address
$address

regD = Mem[ immediate + regS ]
regD = immediate
Mem[address] = regS
Mem[ immediate + regD ] = regS
regD = regD + regS
regD = regD – regS
regD = regD and regS (bitwise and)
regD = regD or regS (bitwise or)
regD = not regD (bitwise not)
regD = regD xor regS (bitwise exclusive or)
regD = regD << regS (Logic shift left)
regD = regD >> regD (Logic shift right)
regD – regS
regD – immediate
Branch to address if equal
Branch to address if not equal
Branch to address if less than
Branch to address if greater than
Jump unconditionally to address
Jump to subroutine at the given address
Return from subroutine

This processor has 8 general purpose registers (D0 , D1 , … , D7 ) (8-bit each). It also has an 8-bit data bus and a 16-bit
address bus. The student has the following components connected to the microprocessor.
 A DIP (Dual In-line Package) switch (8-switches package) and its interfacing circuit are memory mapped to
the byte at address $B000. The switch is used to accept 8 bit binary input from the user and store it at
that memory address.
 An 8 LED (Light-Emitting Diode) array with its interfacing circuit are mapped to the byte at memory
location $B010. Whenever a byte is written to that memory address, it is displayed on the LED array.
 A push button and its interfacing circuit are memory mapped to bit 3 of the byte at memory location
$B020. Pressing the push button corresponds to setting bit 3 of address $B020 to 1, and when the button
is released the bit is set to 0. The push button output is sampled every 1ms.
Given the above information, answer the following questions:
1.

What are the supported addressing modes for this processor?

2.

What is the maximum memory size that can be interfaced with this processor?

3.

Write an assembly routine that reads 10 numbers, each is an unsigned byte, from the DIP switch and store
them as an array in memory starting from address $A000. A number is read from the DIP switch when bit
3 of address $B020 changes its value from 0 to 1, i.e., whenever the push button is pushed from its
release state. Once all the 10 numbers are entered, the sum is calculated, then the values $00, $FF, and
$00 are passed to the LED array respectively. After that the calculated sum is passed to the LED array. The
LED array will continue showing the sum until the routine is restarted. The routine is restarted when the
value of bit 3 at address $B020 changes 3 times from 0 to 1, i.e., the push button has been pushed and
released three times. (You can assume that your code is a position-independent. You are allowed to use
labels )

PROBLEM F2 – COMPUTER SYSTEMS
Digital System Design

PROBLEM F3 – COMPUTER SYSTEMS
Computer Architecture
This following figure shows a simplified version of forwarding path.

Presumably, we only implement the following approach for “Forwarding Unit” shown in
above figure.
 EX hazard
 if (EX/MEM.RegWrite and (EX/MEM.RegisterRd ≠ 0)
and (EX/MEM.RegisterRd = ID/EX.RegisterRs))
ForwardA = 10
 if (EX/MEM.RegWrite and (EX/MEM.RegisterRd ≠ 0)
and (EX/MEM.RegisterRd = ID/EX.RegisterRt))
ForwardB = 10
 MEM hazard
 if (MEM/WB.RegWrite and (MEM/WB.RegisterRd ≠ 0)
and (MEM/WB.RegisterRd = ID/EX.RegisterRs))
ForwardA = 01
 if (MEM/WB.RegWrite and (MEM/WB.RegisterRd ≠ 0)
and (MEM/WB.RegisterRd = ID/EX.RegisterRt))
ForwardB = 01

Considering the following sequence, what is the problem with our above-mentioned approach
implemented in the Forwarding Unit? Why? (15 points)
sub $1,$2,$3
add $1,$1,$3
sub $1,$1,$3

PROBLEM F4 – COMPUTER SYSTEMS
Algorithms

PROBLEM F5 – COMPUTER SYSTEMS
Data Structures

(a)

(b)

PROBLEM F6 – COMPUTER SYSTEMS
Logic/Digital Circuits
1. Given the following truth table,

A

B

C

0
0
0
0
1
1
1
1

0
0
1
1
0
0
1
1

0
1
0
1
0
1
0
1

Y
(output)
1
1
0
1
0
0
0
1

(a) (5 pts) write the Boolean equation in sum-of-products form.
(b) (5 pts) Simplify the Boolean equation using Karnaugh map.

